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Heating of "thin" (Bi -< 0.25) bodies in liquid media is examined, taking into account crystallization and 
fusion at the body-medium interface. 

The medium considered is a fused salt and the heating system a salt melting bath. The ratio of the volume of the 
bath to that of the heated element is assumed to be such that introducing the element causes a negligible drop in bath 
temperature; the bath temperature is constant. 

The temperature difference over the section of the element when heated (or cooled) is characterized by the param-  

eter Bi = otS/k. Distinguishing thermally "thin" bodies (i. e . ,  those in which the temperature drop over the section can 

be neglected [2]) by assigning a predetermined maximum temperature difference over the section, expressed in fractions 
of the ini t ia l  temperature difference between the liquid and the metal,  we get a definite value of the BI number, which 

we can use as a conventional dividing line between "thin" and "massive" bodies. In engineering calculations relating to 

the heating of metal,  "thin" bodies are characterized by Bi -< 0.25 [4]. 

Let us examine the heating of a flat element in a salt bath. The element may be regarded as a plane infinite wall, 
since two dimensions - length and width - greatly exceed the third - thickness. From the fact that the element is 

"thin," it follows that the temperature distribution in the element and in the film may be considered steady at any t ime 
(and, in particular, the temperature distribution in the film is linear).  Heating in a salt bath is heating in a medium at 

a constant temperature [1, 2], but not heating at a constant surface temperature [3]. In fact, when the element is in-  
serted into the bath, it draws heat from the surrounding fused salt and forms a layer of crystallized salt on its surface. 
The temperature distribution in the film, as we have noted already, is linear, increasing from the metal to the outer 

fi lm surface. The latent heat of fusion of the salt and the heat it gives out in cooling from bath temperature to that of 

the film are acquired only by the metal .  As the film grows, and the metal temperature accordingly increases, the t em-  
perature on the film outer surface increases until  it reaches tfs, thereafter remaining constant until  the film has all fused. 

Let us examine a layer of fused salt of thickness dx at distance x from the surface of the e lement .  When the layer 

is cooled from temperature tf to if-dr, the amount of heat given out is 

d Q . . . .  F 9sCs dx dt. (1) 

We assume here, and in what follows, that the quantities Ore, 9s, Cm, Cs, and k s are constant throughout the 
whole temperature interval studied. The error so introduced is not large, and it would not be difficult to allow for the 

dependence on temperature and phase state. The temperature distribution in the film obeys the equation 

t o - -  t i  
t~ - x + t . .  

The amount of heat transferred to the metal  by the salt in crystallizing is 
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Since all the heat released by the salt in crystallizing is transferred to the metal ,  we have 

cMmM(t~--I'~~ t f ~ t i + t o  ) "I- (2) 
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Fig. 1 gives a diagram of the thermal resistances of the system. The following equations may be derived from 
geometrical considerations: 

kc t o - -  t .  

a~ t f ~  t o 

~--k--~ ( t o  - ~ .  " ) .  

c~ e t f - -  t o a 1 

From (2)-(4) we can evaluate t m and t o as functions of 6: 
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Fig.  I ,  D i a g r a m  of t h e r m a l  res i s tances  of sys- 

t e m  fused sal t  + h e a t e d  body:  1 - fused salt ;  

2 - c rys t a l l i zed  sal t ;  3 - m e t a l  e l e m e n t ,  

Putting t o tfs, we obtain the maximum film thickness from (6) 

~o = (-- b + t f  b ~ - -  4al)/2a; 

a --- ~ c s (t f - -  t fs )" I/2; 

b = 0~Cs(t f -  t.fs ) -+- 0 ~ T s + t f - - t f s .  ; 

e=qo( t f - - t f s  ) - -0 ( t . . f s  - - 6 ~  

(6') 

It follows from (4) that the film will be completely fused (6 = 0) when the metal temperature tcf  f -----= t fs - -  

- -  ( i f - -  t o) a--L If a 1 >> a 2 we have the trivial case t m = tfs. 

Let us now find the growth t ime for the film. At any t ime r during growth, the amount of heat passing through the 
outer surface of the crystallized film in t ime dr is given by Newton's law: 

dO.g= F a2 ( i f - -  to) d~, 

This amount o f  heat may be represented as the amount of heat given up by a layer of crystallizing salt of thickness d6 
in cooling from tf to t o, plus the latent heat of fusion of the layer released in crystallizing: 

F a 2 ( t f - - t o ) d ~  = F PsCs(t f -  to) dg + F Ps Ys d& (7) 

d& or d~  = ~sCs d&-+- psYs 

a2 ~2 t f  - -  t o (8) 

By first substituting the value tf- t  o from (6), and then integrating (8) in the limits 0 to r.~ and 0 to 6, we obtain the t ime 
taken for a film of thickness 6 to form, For 6 = 6o, we find the total t ime of film growt~ Tg 0" 

. z g =  [ os(0 + ~?)xs~ + Ps(1 4-O~cs)(tf--t~)ks ~2~s - ~ - 9sci ( t  f -  tM~ ] .  2 k, a~ye ~- ~ ] In t f - - t ,0 t  f--_tM0. ~'fs ~ _ 

[psCs(tf--G.) P s ]  Ps CS~2. 

2Xs Vs +s.j ; -77  47,s (9) 

To determine the fusion t ime of the film, we note that, after the temperature of the outer surface of the film has 
attained the fused salt temperature,  the heat incident on the outer surface of the film in t ime dr will go to increase the 
metal  temperature and the film temperature, and to transfer latent heat of fusion to the melting layer of the film d6. 

�9 ( ) ' F a = ( / f  to)d7=cMmMdt~+Fpscs&d l~ - - F p s 3 / s d ~ .  
2 
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The last term is negative, since in this case the latent heat is absorbed. 

Since t o = tfs during the second period of the existence of the film, we may determine dt i and dtm from (3) and 
(4), and, substituting in (10), we have the differential equation for the film fusion t ime: 

dz, : 9s d; psCs o'd~ YsPs d~. 
cf 0ao[~ %(0 q- q0) 2 ao(tf--t  fs ) (11) 

Integrating within the limits "rg 0 to rcf and from 60 to 6, we find the t ime required to melt the film from 6o to 6: 

'A:cf-= : c f  - -  : g o :  

= ps + vs p s (% - -  a) + (12) 
a 2 (Q - -  t fs ) 4 a2 (0 -k-, qo) 

Putting 6 = 0 we obtain the t ime for complete fusion of the film: 
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We see from (9) and (13) that the t ime of existence of the film, from the start of heating to the end of fusion is 
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The t ime for the element to be heated from tmc f to tmf may be determined from the known heating t ime of 
"thin" bodies, [1]: 

Ar f = r tot - -  : cf. o--- 2 a2 mf 
(14) 

The heat transfer coefficients a I and a 2 in (9), (13), and (14) are different, since they refer to different temperature in- 
tervals. This difference can be taken into account, but for simplicity we shall take average values of a 1 and a2 over the 
whole temperature range in question, tmo to tmf.  

Therefore, the t ime required for the element to be heated in the liquid from tmo to tmf is 
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The above calculation is correct for bodies that are "thin" from the thermal point of view. Since it also follows 
that the crystallized salt film must be thermally "thin" (Bi = az60/k s -< 0.25), knowing 60 and Bi, we obtain the thick- 
ness S of the element on which a thermally "thin" film of thickness 6o is formed: 

S ~ < 0 ' 5 O s ( X s )  2 
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For n th inn  e l e m e n t s ,  moreoyer ,  we must  h a v e  t he  r e l a t i o n  Bi = azS/X m -< 0 . 2 5 .  An e l e m e n t  which  is t h e r m a l l y  " t h i n "  

for h e a t i n g  in a g iven  l iquid wil l  h a v e  a th ickness  which  sat isf ies bo th  re la t ionsh ips .  The  above  m e t h o d  of c a l c u l a t i n g  

h e a t i n g  t i m e s  in l iquids wil l  be  va l id  p rec i se ly  for such e l e m e n t s .  

To i l l u s t r a t e  t he  results  ob t a ined ,  we shal l  c a l c u l a t e  the  h e a t i n g  t i m e  for an  e l e m e n t  with  S = 2�9 10 -3 m .  The  m e -  

d ium is fused NaC1, with  t f  = 1, 2~/3~ t m f  = 1 ,173~ tm0 = 293~ tfs = 1,077~K [5]; Ps = 2 ,160  k g / m  s [5]; P m =  

= %800  k g / m  3 [211 ?, s = 5 . 1 5  �9 105 j / k g  [5] ;  c m = 0 .5  �9 10 a j / k g  �9 degree  [2] ;  c s = 0 .88  �9 l0  s j / k g  �9 degree  [5] ;  k m = 

= 3 0 . 4  w / m  �9 degree  [2] ;  k s = 1 .12  w / m  �9 degree  [7] ;  ct~ = 350 w / m  z �9 degree  [2]. 

No a c c u r a t e  data  on a 1 are  g iven  in  t he  l i t e r a t u r e .  We deduce  f rom [7] tha t  cz I must  be  of the  order 1 ,163  w / m  2 �9 

�9 deg ree .  

F rom (6 ' ) ,  60 = 0 . 5 7 4 .  10 -3 m;  for the  e l e m e n t  Bi = 1 . 1 5 .  10 -z-< 0 .25 ;  for t h e  f i lm Bi = 0 . 1 8  < 0 . 2 5 ; T t o  t = 

= 4 3 . 9  sec .  

P rac t i ca l  r e c o m m e n d a t i o n s  as regards the  h e a t i n g  t i m e  for r e c t a n g u l a r  e l e m e n t s  in  sal t  ba ths  at  such t e m p e r a t u r e s  

[8] i n d i c a t e  a v a l u e  o f r t o  t of 18-22  see .  for a 1 m m  sec t ion ,  which  agrees  r ea sonab ly  with t he  c a l c u l a t e d  v a l u e .  

NOTATION 

c~ 1 and cz 2 - hea t  t r ans fe r  c o e f f i c i e n t s  for f i l m / m e t a l  and fused s a l t / m e t a l  (or fused s a l t / f i l m ) ;  X m and  X s - t h e r -  

m a l  c o n d u c t i v i t y  of m e t a l  and c rys t a l l i z ed  sal t ;  tf,  tfs, t o and t i, tin0 and t m f  - t e m p e r a t u r e s  of: m e d i u m  or fused salt ,  

fusion of sal t ,  ou te r  and inne r  f i lm  surface ,  m e t a l  - i n i t i a l  and  f ina l ;  s - c a l c u l a t e d  th ickness  of e l e m e n t ;  F - surface  

a rea  of e l e m e n t ;  m - mass of e l e m e n t ;  Om - dens i ty  of m e t a l ;  Ps - dens i ty  of c rys t a l l i zed  sal t ;  c m and c s - spec i f ic  

hea t  c a p a c i t y  of  m e t a l  and sal t ;  6 - th ickness  of  f i lm  of c rys t a l l i z ed  sa l t ;  ?'s - l a t e n t  hea t  of fusion of sa l t .  
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